A growing body of literature suggests that odd-frequency superconducting pair amplitudes can be generated in normal metal-superconductor junctions. The emergence of odd-frequency pairing in these systems is often attributed to the breaking of translation invariance. In this work, we study the pair symmetry of a one-dimensional s-wave superconductor in the presence of a single non-magnetic impurity and demonstrate that translation symmetry breaking is not sufficient for inducing odd-frequency pairing. We consider three kinds of impurities: a local perturbation of the chemical potential, an impurity possessing a quantum energy level, and a local perturbation of the superconducting gap. Surprisingly, we find local perturbations of the chemical potential do not induce any odd-frequency pairing, despite the fact that they break translation invariance. Moreover, although odd-frequency can be induced by both the quantum impurity and the perturbation of the gap, we find these odd-frequency amplitudes emerge from entirely different kinds of scattering processes. The quantum impurity generates odd-frequency pairs by allowing one of the quasiparticles belonging to an equal-time Cooper pair to tunnel onto the impurity state and then back to the superconductor, giving rise to odd-frequency amplitudes with a temporal broadening inversely proportional to the energy level of the impurity. In contrast to this, the perturbation of the gap leads to odd-frequency pairing by "gluing-together" normal state quasiparticles from different points in space and time, leading to odd-frequency amplitudes which are very localized in the time domain.
I. INTRODUCTION
It is widely appreciated that the symmetries of a manybody wavefunction are tightly constrained by the statistics of the constituent particles. In the case of superconductors, the fermionic nature of the quasiparticles comprising the Cooper pairs implies that the superconducting gap function must be odd under the exchange of all the quantum numbers of the Cooper pair. This usually limits the pairing to either spatially even-parity gap functions (like s-or d-wave) with spin-singlet configuration or odd-parity gap functions (p-or f -wave) corresponding to spin-triplet states. However, if the quasiparticles pair at unequal times the superconducting gap can also be odd in time or, equivalently, odd in frequency (odd-ω), thus allowing for Cooper pairs that are even in spatial parity and spin-triplet or odd-parity and spin-singlet.
1,2
First discussed by Berezinskii 3 in the context of 3 He, and later generalized to superconductivity, [4] [5] [6] odd-ω pairing is intriguing both because of the unconventional symmetries which it permits and for the fact that it represents a class of hidden order, due to the vanishing of equal-time correlation functions. The possibility of odd-ω pairing can readily be seen by inspecting the anomalous Green's function, F σ1,x1,α1,t1;σ2,x2,α2,t2 , with indices σ i , x i , α i , and t i labeling the spin, position, orbital, and time degrees of freedom of the Cooper pairs, where the orbital index could also be interpreted as a sublattice or band label. Accounting for the symmetries of F under the permutation of these four indices, all Cooper pair amplitudes must fall into one of eight possible classes: four even-ω classes and four odd-ω (see Table I ).
While the thermodynamic stability of intrinsically odd-ω phases has, so far, only been discussed as a theoretical possibility, 7-14 significant progress has been made toward understanding the way in which odd-ω pairing can be induced by altering a system's conventional superconducting correlations through symmetry breaking.
1,15-48
The best established example is found in superconductorferromagnet (SF) junctions, 1, [15] [16] [17] [18] [19] [20] [21] in which experiments have observed key signatures of odd-ω spin-triplet pair correlations, [49] [50] [51] despite using conventional spin-singlet s-wave superconductors. The key property here is that both the interface and the bulk magnet break the symmetry between up and down spins, thus allowing for the conversion of spin-singlet to spin-triplet s-wave Cooper pairs at the interface, where the latter is necessarily odd in frequency. Symmetry-breaking has also been employed in proposals for finding odd-ω odd-parity pairing at the interface between a normal metal and a conventional superconductor in SN junctions. Here the interface breaks spatial translational invariance, resulting in a transformation of even-ω s-wave spin-singlet pairing to odd-ω odd-parity spin-singlet pairing. [26] [27] [28] Similar strategies have also been used to demonstrate that odd-ω pairing should be ubiquitous in multiorbital/multiband systems when the orbitals/bands are coupled and there is an imbalance, or symmetry breaking, between them. [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . Surveying the literature, one therefore gets the impression that odd-ω pairing can be generated by: (i) starting with a superconductor belonging to one of the even-ω symmetry classes in Table I ; and (ii) applying an external field which breaks any one of the symmetries of the Cooper pairs, i.e spin (S), parity (P), orbital (O), or time (T ). The resulting odd-ω pair amplitudes should then be proportional to the symmetry-altering field. In this work we highlight a particularly simple setup in which these steps demonstratively fail to generate odd-ω pairing. By examining the physical reasons for this failure we gain important insight into the dynamical nature of odd-ω Cooper pair formation that is crucial for understanding its emergence.
Specifically, we consider a uniform one-dimensional (1D) s-wave spin-singlet superconductor in the presence of a single non-magnetic impurity, which manifestly breaks the translation invariance of the superconductor. We model the impurity in three different ways: as a classical potential impurity only modifying the chemical potential of the quasiparticles at point x 0 ; as a quantum impurity localized at point x 0 with an on-site energy level, ǫ 0 , coupled to the superconductor with a tunneling amplitude, t 0 ; and as a local anomalous impurity modifying the superconducting gap at point x 0 . Surprisingly, we find that odd-ω pairing cannot be generated by classical potential impurities, despite the fact that these impurities manifestly break translation invariance in the superconductor. Moreover, we find that this conclusion holds even in the presence of an arbitrary number of classical impurities. However, we do find that odd-ω pairing can be generated by both the quantum impurity and the anomalous impurity, but through very different mechanisms.
In the case of the quantum impurity, we find that odd-ω pairs are created by processes in which one of the two quasiparticles making up an equal-time Cooper pair tunnels to the impurity site and then back to the superconductor. In this case, it is, thus, the finite lifetime of the impurity state that is crucial for the formation of odd-ω Cooper pairs, which leads to the odd-ω pair amplitude being quite broad in the time domain. In contrast to this, the anomalous impurity induces odd-ω pairing through processes involving two normal quasiparticles in the superconductor from different points in space, x 1 and x 2 , scattering at the site of the locally modified gap, x 0 . This mechanism gives rise to odd-ω pair amplitudes which, in the time domain, are highly localized at t = (|x 1 − x 0 | + |x 2 − x 0 |)/v F , where v F is the fermi velocity in the superconductor. Taken together, our results show that odd-ω pairing can be generated by two very different mechanisms in non-magnetic systems, which not only highlights the dynamical nature of this pairing but also explicitly demonstrates that translation symmetry breaking is not sufficient for the generation of odd-ω pair amplitudes. Furthermore, by examining the physical origins of odd-ω pair amplitudes, our results should be useful for designing superconducting systems with more odd-ω pairing.
The remainder of this work is organized as follows. In Sec. II we study a classical potential impurity and show that odd-ω pairing does not emerge, even when an arbitrary number of impurities are included. In Sec. III we turn our attention to a quantum impurity and find analytical expressions for the induced odd-ω pairing. In Sec. IV we consider an impurity which acts as a local modification of the superconducting gap, and derive expressions for the odd-ω pair amplitudes. In Sec. V we compare the odd-ω pair amplitudes obtained for the quantum and anomalous impurities by inspecting their behavior in the time domain and find qualitative differences related to the disparate physical origins of the odd-ω pairing in the two cases. Finally, in Sec. VI we offer our conclusions.
II. PAIR SYMMETRY IN THE PRESENCE OF A POTENTIAL IMPURITY
We wish to study the emergent symmetries of Cooper pair amplitudes in a conventional spin-singlet s-wave superconductor in the presence of a particularly simple instance of translational invariance breaking: a single nonmagnetic impurity. To simplify the calculations in real space we restrict ourselves to a 1D superconductor, however, it is straightforward to generalize our main results to higher dimensions.
We begin by considering the simplest non-magnetic impurity, the classical potential impurity, which can be understood as a local perturbation of the chemical potential of the superconductor, modeled by the Hamiltonian
where H SC is the Hamiltonian describing the clean 1D superconductor,
where ψ † x,σ (ψ x,σ ) creates (annihilates) a quasiparticle state in the superconductor with spin σ at position x. Here m is the effective mass, µ the chemical potential, and ∆ the superconducting order parameter, assumed to be uniform throughout the superconductor. The local perturbation, H δµ , is given by
where δµ is the strength of the classical impurity at position x 0 . To study the emergent electronic properties of this system, we begin by defining the normal and anomalous Green's functions for the superconductor in the usual way for a non-magnetic system
where τ is an imaginary time and T τ is the usual τ -ordering operator for fermions. For convenience we combine these normal and anomalous Green's functions into the Nambu space Green's function for the superconductorĜ
where we have Fourier-transformed to Matsubara frequency, iω n . As is well-known, both the retarded and advanced Green's functions can be obtained from the Matsubara Green's function, Eq. (5), via the prescriptions:
. Therefore, throughout this work we derive all expressions in terms of the complex frequency, z, thus capturing the results for the Matsubara, retarded, and advanced correlators.
In the absence of any impurities, the bare superconductor is translation-invariant and it is straightforward to derive the analytic expression for its Green's function using Eq. (2):
whereτ 0 andτ i={1,2,3} are the 2 × 2 identity and Pauli matrices in Nambu space, respectively. Here we have defined the following functions:
In the presence of a classical impurity described by Eq. (3), we can compute the total Green's function for the superconductor to infinite order in δµ using the Dyson equation (8) where we have suppressed the z-dependence throughout, since all scattering processes are elastic. It is straightforward to show that the right-hand-side of this recurrence relation can be rewritten aŝ (9) whereT δµ = δµ
is a T -matrix describing the total effect of the potential impurity. Inserting the bare Green's function expressions from Eq. (6) we find
(10) Finally, combining these expressions with Eq. (9), we find that the total Green's function of the superconductor in the presence of a single potential impurity iŝ
where δg
3 (x 2 , x 1 ). Thus, the presence of this potential impurity simply renormalizes the coefficients describing the bare Green's function in Eq. (6) and, thus, does not generate any odd-ω pair amplitudes. Importantly, the presence of this impurity does not change the spatial parities of any of the coefficients of the Green's function for the superconductor. Using this fact, we can easily iterate the above T -matrix calculation to account for N potential impurities and thus show that no amount of potential impurities generate odd-ω pairing.
The lack of odd-ω pairing for a classical impurity is a surprising result, since the literature is full of examples in which conventional superconducting pair amplitudes can be converted to odd-ω amplitudes by breaking almost any symmetry of the system. 1, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] In particular, multiple previous works have found odd-ω pairing induced in conventional superconductors due to the breaking of spatial translation invariance at SN interfaces. 26, 27 In the next section we take a first step toward reconciling this null result with previous research by adding some internal dynamics to the impurity. In this sense, the impurity studied in the next section could be viewed as an infinitesimal normal region in an SN junction.
III. PAIR SYMMETRY IN THE PRESENCE OF A QUANTUM IMPURITY
To better approximate the situation at an SN junction, we next consider the possibility that the local nonmagnetic impurity possesses some internal structure. To keep the formalism simple and isolate the key features, we assume a single quantum energy level to which the electrons in the substrate may tunnel, similar to a quantum dot. In this case the Hamiltonian takes the form
where H SC is the Hamiltonian describing the clean 1D superconductor, given by Eq. (2), H imp is the Hamiltonian governing the dynamics of the impurity,
where c † σ (c σ ) creates (annihilates) a fermionic impurity state with spin σ and energy ǫ 0 , and H t describes the tunneling between the superconductor and the impurity at position x 0 ,
where t 0 is the tunneling amplitude. Again, we solve exactly for the Green's function in the superconductor using the T -matrix formula in Eq. (9) but now with the T -matrix given byT
HereĜ 0 is given by Eq. (6) andΣ is the self-energy associated with the internal structure of the impurity. From Eq. (12) we find that this self-energy is given bŷ
Using these expressions the T -matrix for the quantum impurity takes the form:
(16) Combining these expressions, we find the exact Green's function for the superconductor in the presence of a quantum impurity:
with coefficients δg given by Eqs. (A1) in the Appendix. While we do not present the full expressions for these coefficients here, it is important to note that all four are even functions of frequency, z. are even under the exchange of the spatial coordinates (x 1 ↔ x 2 ), δf
is odd under spatial coordinate exchange. Therefore, we directly find that the presence of a quantum impurity induces a pair amplitude with novel symmetry proportional toτ 2 . Upon closer inspection, we see that this novel pair amplitude is directly proportional to the frequency, z, and, hence, it is an odd-ω odd-parity amplitude. Moreover, because this amplitude retains the spin-singlet nature of the original condensate, we conclude that it belongs to the symmetry class in the sixth column of Table I : odd-ω, spin-singlet, and odd-parity.
While the precise expression for the odd-ω pair amplitude for a quantum impurity, F odd,Q = z∆δf (Q) 2 , is a bit cumbersome, in the limit of weak coupling between the impurity level and the substrate, t 2 0 ≪ v F , and assuming ∆ ≪ µ, which generally holds for BCS superconductors, it simplifies considerably and we have
wherex i = x i −x 0 is the x-coordinate measured from the position of the impurity, x 0 . From this expression we see that the odd-ω amplitude exhibits a sinusoidal oscillation in the spatial separation, |x 1 | − |x 2 |, with period 2π/k F . At low frequencies, i.e. z ≪ ∆, this amplitude also decays exponentially when the average distance from the impurity, |x 1 |+|x 2 |, is much greater than the superconducting coherence length, ξ = v F /∆.
From the results of this section, it is clear that the presence or absence of internal structure in the non-magnetic impurity determine whether or not odd-ω pairing is induced. This shows that an internal structure to an impurity or otherwise translation symmetry breaking setup, such as at an SN interface, generates odd-ω pairing. However, so far we have also assumed that the order parameter in the superconductor is homogeneous, an assumption we will next relax.
IV. PAIR SYMMETRY IN THE PRESENCE OF AN ANOMALOUS IMPURITY
While Anderson's theorem assures us that conventional s-wave superconductors are insensitive to non-magnetic disorder, 52 non-magnetic impurities can still modify the properties of clean s-wave superconductors through local variations of the gap, proportional to the impurity strength. [53] [54] [55] Moreover, drastic changes of the superconducting gap take place at the interface of SN junctions. Therefore, we here consider the effect of a spatially inhomogeneous gap using an anomalous impurity, which locally correct the superconducting gap.
To capture the qualitative features of a spatially inhomogeneous gap, we consider a model for a clean 1D superconductor in the presence of a local correction to ∆:
where H SC is the Hamiltonian describing the clean 1D superconductor, given by Eq. (2), and H δ∆ is a local perturbation of the superconducting order parameter described by
where δ∆ parameterizes the local deviation from the clean gap, ∆. In this case, the total Green's function is given by Eq. (9) but with the T -matrix
We therefore readily find that
with the coefficients δg is odd under this coordinate exchange. Therefore, we find that the presence of an anomalous impurity gives rise to an odd-ω pair amplitude proportional toτ 2 and belonging to the symmetry class in the sixth column of Table I : odd-ω, spin-singlet, and odd-parity.
Turning our attention to the expressions for this odd-ω pair amplitude, we find that, similar to the case of the quantum impurity, they can be simplified considerably in the limit of ∆ ≪ µ, and assuming weak perturbations of the gap, δ∆ ≪ v F . In this limit we find
From this expression we see that this pair amplitude has exactly the same spatial dependence as the odd-ω amplitude in Eq. (18) . However, there are important differences in their physical origin. These are most clearly illustrated by considering the leading order contributions to these amplitudes using diagrammatic perturbation theory, see Fig. 1 . For the quantum impurity we find that, to leading order in the tunneling, t 0 , the odd-ω pair amplitude is a result of two different scattering processes involving both quasiparticles and Cooper pairs, processes of the form t 2 0 GG imp F . This is illustrated in the two diagrams in Fig. 1(a) , where G imp is the normal state Green's function for the impurity. In contrast, the odd-ω pairing induced by the anomalous impurity is generated purely by the scattering of normal quasiparticles by the local modification of the gap, δ∆, that is, only processes of the form Gδ∆G * contribute, see Fig. 1(b) . Hence, the quantum impurity induces odd-ω pairing by allowing quasiparticles from the substrate to tunnel into the impurity state for a certain amount of time before rejoining the superconducting substrate as part of a Cooper pair, while in the case of the anomalous impurity the odd-ω pairing is caused by a "gluing-together" of quasiparticles at different times by scattering processes involving the anomalous impurity field. The key role played by the impurity Green's function in the generation of odd-ω pair amplitudes for the quantum impurity case provides an explanation for why the potential impurity is not able to induce odd-ω pairing: the quasiparticles do not spend a finite amount of time on the classical impurity site. Still, the classical impurity will generate an odd-ω pair amplitude if it also changes the local superconducting gap. Since a classical impurity represents a local change in the DOS, which determines the magnitude of the order parameter, we expect the kind of odd-ω pairing appearing in Eq. (22) to emerge in the presence of potential impurities. However, because this effect of the potential impurity is indirect, we expect these odd-ω pair amplitudes are only relevant in the presence of very strong potential impurities. The exception is clearly the SN interface where ∆ necessarily changes to a zero value in the N part of the junction. We thus conclude that, not only can internal dynamics of the N region generate odd-ω pairing, but also the abrupt change of the superconducting order parameter, ∆, can induce odd-ω pairing at SN interfaces.
We next explore how the fundamentally different physical origins for the odd-ω pair amplitudes give rise to qualitatively different dynamics.
V. COMPARISON OF ODD-FREQUENCY PAIRING IN THE TIME DOMAIN
To obtain deeper insight into the physical origins of the different odd-ω pair amplitudes emerging in the presence of the quantum impurity found in Sec. III and those generated by the anomalous impurity considered in Sec. IV, we Fourier transform the ω-dependent results to the time domain. In general, the time-ordered Green's function, G T (t), is given by:
where
is the retarded (advanced) Green's function in the frequency domain. In both Eqs. (18) and (23), we have expressed the odd-ω pair amplitude in terms of the complex frequency, z, which encodes both the retarded and the advanced Green's functions. Therefore, in both cases, we can write the time-ordered odd-ω pair amplitude in the time-domain as:
Inserting the expressions for the odd-ω pair amplitudes from Eqs. (18) and (23) into Eq. (25), we obtain the following two expressions for the odd-ω amplitudes in the time-domain:
with
where d = |x 1 | + |x 2 |. Notice that both odd-ω amplitudes in Eq. (26) have essentially the same form, the only substantial difference is in the time-dependent factors in Eq. (27) . Comparing these two factors we see that the difference is that the integrand of f Q possesses additional poles in frequency-space, implying that, in the time domain, we expect f Q (t) to be much broader than f ∆ (t). To better understand the behavior, it is convenient to restrict ourselves to positive times, t > 0, and timescales short relative to τ ξ = ξ/v F = 1/∆. In this case we find
where we replaced the upper limit of the integral in f ∆ (t) with a finite cutoff, Λ, to obtain a convergent expression. In the case of the quantum impurity, we see that at t ≪ 1/ǫ 0 , the odd-ω amplitude increases as ∼ t, while for t ≫ 1/ǫ 0 the amplitude decreases as ∼ t −1 . This non-local behavior in time is a direct consequence of the dynamics of the impurity itself. Physically, this temporal broadening is an indication that the Cooper pair electrons tunnel onto the impurity site, where they remain for some duration, before tunneling back to the superconductor. This gives rise to the unequal-time correlations necessary to support odd-ω pairing.
In contrast to the temporally broad behavior of the quantum impurity, we see that for the anomalous impurity the odd-ω amplitude is highly localized in the time domain, as evidenced by the strong peak at (28) . This time scale is precisely the amount of time it takes a quasiparticle to propagate from point x 1 to the impurity at x 0 and then from the impurity to the point x 2 . Hence, this odd-ω pair amplitude represents Cooper pairs formed from normal quasiparticle states at x 1 and x 2 bound together by scattering off of the local gap perturbation, δ∆, at x 0 , in complete agreement with our previous perturbation theory findings.
VI. CONCLUSIONS
Within the literature it is often found that breaking a symmetry of a conventional superconductor gives rise to odd-ω pair amplitudes proportional to the symmetry breaking field.
1,15-48 One of the simplest examples of this phenomenon is the generation of odd-ω odd-parity pairing near the interface of superconductor-normal metal (SN) junctions, assumed to be related to the translationsymmetry breaking of the SN interface. 26, 27 In this work we provided the microscopic mechanism behind the generation of this kind of odd-ω pairing. Specifically, we considered one of the simplest setups where translation symmetry is broken: a uniform one-dimensional s-wave spin-singlet superconductor with a single non-magnetic impurity localized at position x 0 . Surprisingly, by examining the emergent pair symmetries due to the presence of the impurity, we found that translation-symmetry breaking is actually not enough to induce odd-ω pair amplitudes.
To understand how odd-ω pairing emerges, we modeled the impurity in three different ways: (i) as a classical potential impurity; (ii) as a quantum impurity with an on-site energy level coupled to the superconductor through a tunneling amplitude; and (iii) as an anomalous impurity modifying the local superconducting gap. Using these models we demonstrated that the potential impurity does not induce odd-ω pairing, despite the fact that it manifestly breaks translation invariance. Moreover, no amount of potential impurities can directly induce odd-ω pairing. However, we found that both the quantum impurity and the anomalous impurity do induce odd-ω pairing, but with very different physical origins.
The odd-ω amplitude induced by the quantum impurity emerges when single electrons from the condensate tunnel to the impurity site and then tunnel back to the superconductor at a later time. In contrast, the odd-ω amplitude induced by the anomalous impurity is a direct result of the scattering of two normal quasiparticles from the superconductor by the local perturbation of the gap, essentially "gluing together" two electrons from different positions and times. Fourier-transforming these different amplitudes to the time-domain, we found that the separate origins lead to qualitatively different temporal profiles. The quantum impurity produces odd-ω pairing with a temporal broadening inversely proportional to the energy level of the impurity, while the anomalous impurity leads to odd-ω pairing that is a highly localized in the relative time coordinate.
In summary, these results demonstrate that translation-symmetry breaking is by itself not sufficient for inducing odd-ω pairing in a conventional s-wave superconductor, but some additional structure is needed. This additional structure can be in the form of a quantum level, allowing the generation of substantial unequal-time correlations in the superconductor. Alternatively, a spatially inhomogeneous order parameter can generate odd-ω pairing. Thus this work not only provides possible microscopic mechanisms for generating odd-ω pairing in non-magnetic systems and establishes the resulting behavior of the odd-ω pair correlations, but importantly also opens the door to designing systems with stronger and targeted odd-ω pairing behavior.
